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Einstein’s general relativity is increasingly importamtontemporary physics on the frontiers of both the very
largest distance scales (astrophysics and cosmology)naneety smallest(elementary particle physics). This
paper makes the case for a ‘physics first' approach to intiodugeneral relativity to undergraduate physics
majors.
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I. INTRODUCTION fascination. Students specializing in physics naturalintv
to know more. A further argument for undergraduate general
relativity is accessibility. As | hope to show in this papar,

- ; : ; number of important phenomena of gravitational physics can
ativity — will soon be a century old. It is the classical thgor ey ! o ) .
. be efficiently introduced with just a basic background in me-
of one of the four fundamental forces. It underlies our con-

: . chanics and a minimum of mathematics beyond the usual ad-
temporary understanding of the big bang, black holes, psilsa . :
! . ) vanced calculus tool kit. Other subjects of great contempo-
guasars, X-ray sources, the final destiny of stars, graitak . . L
; ) X h . rary importance such as high temperature superconduyctivit
waves, and the evolution of the universe itself. It is thelint . . ; )
or gauge theories of the strong interactions require muaiemo

lectual origin of many of the ideas at play in the quest for aprerequisite information. General relativity can be made a

unified theory of the fundamental forces that includes gyavi : .

The heart of general relativity is one of the most beautifid a l(;(?/sesllble to both students and faculty alike at the undeugttad
revolutionary ideas in modern science — the idea that gravit N ) .

is the geometry of curved four-dimensional spacetime. Gen-_!tiS probably fruitless to speculate on why a subject as ba-

eral relativity and quantum mechanics are usually regaaded sic, accessible, and important as general relativity isavaht

the two greatest developments of twentieth-century peysic MOre widely as part of the undergraduate physics curriculum
. . . Limited time, limited resources, inertia, tradition, andsm
Yet, paradoxically, general relativity — so well estabésh

. ! . .conceptions may all play a role. Certainly it is not a lack of
so important for several branches of physics, and so simple ieyyhoks. Refs[[2]-L[22] are a partial list of texts known

its basic conception — IS often_ not repres_ented anywhere if, we authot that treat general relativity in some way at an
the undergraduate physics curriculum. An informal surwey b introductory level

William Hiscock [1] of the course offerings of 32 mid-wegter : Lo . .
. o . Available time is one of the obstacles to introducing gehera
research universities found only a handful that offeredman i lativi h d d level. The deducti
termediate (junior/senior) course in general relativisypart relativity at the undergraduate level. The deductive apgino
to teaching this subject (as for most others) is to assemble

of the undergraduate physics curriculum. This has the cong ; . . ,
L he necessary mathematical tools, motivate the field eapsti
sequence that many students see gravity first in the context

of planetary orbits in basic mechanics and next, if at all, inSONe the equations in interesting circumstances, and aomp

an advanced araduate course desianed in part for bro eCtithe predictions with observation and experiment. This hmat
9 9 b PIOSPECHY st order takes time to develop for general relativity wni

specialists in the subject. There might have been an argu- . ) X .

- may not be available to either students or faculty. This arti
ment for such an organization half a century ago. But there . ; . S .
) . o S cle describes a different, ‘physics first’ approach to idtre-
is none today in an era when gravitational physics is inereas

ingly important, increasingly topical, increasingly igtated ing general relativity at the junior/senior level. Brieftphe

with other areas of physics, and increasingly connected wits.'mpleSt. physmally relev_ant SOIU“.O”S_ to the Einstein &qu
tion are introducedirst, without derivation, as curved space-

experiment and obsgrvatlon. In the author’s opinion, EVerYimes whose properties and observable consequences can be
undergraduate physics major should have an opportunity t8xp|ored by a study of the motion of test particles and light
be introduced to general relativity. A ; ) ,

) ) o rays. This brings the student to interesting physical pheno
Its importance in contemporary physics is not the onlyeng as quickly as possible. It is the part of the subject most

reason for introducing undergraduates to general refiativi gjrectly connected to classical mechanics and the partehat
There are others: First, the subject excites interest ofestis. quires a minimum of ‘new’ mathematical ideas. Later the Ein-

Warped spacetime, black holes, and the big bang are the fo-
cus both of contemporary research and of popular scientific

Einstein’s 1915 relativistic theory of gravity — generdtre

1 This list consists of texts known to the author, publishegrat975, and
judged to be introductory. It does not pretend to be eithenpiete or
*Electronic addres$: hartle@physics.ucsb.edu selective, nor is it a representation that the texts ardlyeavhilable.
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stein equation can be motivated and solved to show where the 10% = - - - - -
solutions come from. When time is limited this is a surer and ecent universe ————7
more direct route to getting at the applications of genesial r “ P
ativity that are important in contemporary science. 107 ]

Section Il expands very briefly on the importance of gen- universe at helium fusion .
eral relf_;\tivity in contemporar_y physics_. Section Il onds _ 104 L black hole in Mﬂkywm ' / |
the basic structure of the subject. Sections IV and V describ MilkyWay
the ‘math first’ and ‘physics first’ approaches to introdugin plackhole in Xoray source—_ "
general relativity to undergraduate physics majors. Thiwit 103 | i
an even-handed comparison. The ‘math first’ approach is de- & * GPS orbit
scribed only to contrast it with the ‘physics first’ approach a&° neutron star
which is advocated in this paper. Section VI illustrates how £ 10| .
ideas from classical mechanics can be used to calculate im< &
portant effects in general relativity. Section VII repotte % primordial black hole
personal experiences of the author in using the ‘physids firs & 10" craporating foday 7
method.

universe at the - :u::‘man
1 end of inflation e laboratory measurement
Il. WHERE IS GENERAL RELATIVITY IMPORTANT? {niverse at the of Newton’s G
quantum gravity scale
G ; : 1070 - m strand of DNA 7
ravity is the weakest of the four fundamental forces at
accessible energy scales. The ratio of the gravitatiomedfto
the electric force between two protons separated by a distan 1020 |- ied by best = :
r is (in Gaussian electromagnetic units) accelerators ® hydrogen atom
Fgrav _ Gmp/r* = G ~ 10740, (2.1) T T T ! TS —
Felec e2/r2 e distance in cm

Gravity might thus seem to be negligible. But three othetSfac i, 1: where relativistic gravity is important. This figusaows
explain why it is important and where it is important. First, selected phenomena plotted on a graph of their charaatemistss
gravity is a universal force coupling to all forms of mass andm vs. their characteristic siz& The distance scale ranges from
energy. Second, gravity is a long-range force in contratdo  the smallest considered in today’s physics (the Plancleptalthe
weak and strong forces which are characterized by nucleugdargest (the size of the visible universe). Masses range frose of
size ranges and below. Third, and most importantly, grasity elementary particles to the mass in the visible universenBmena

unscreened. There is no negative “gravitational chargagsm above the line @M = ¢2R are inside black holes and inaccessible.
is always positive Phenomena on that line, or close to it and below, are the aves f

These three facts explain why gravity is the dominant forceWhiCh general relativity is importantf. (Z2)] and are indicated by

ina the struct fh . the | t sl dots. Phenomena further away, for which relativity is urimgant,
governing the structure of the universe on the largest Saie -, i jicated by squares. For the univelRsis the Hubble distance

space and time — the scales of astrophysics and cosmologyqv the mass inside it. Our universe roughly evolves along tie li
The strong and weak forces are short range. The relativelygm = c2Rfrom the smallest scales of quantum gravity to the largest
much greater strength of electromagnetic forces ensues thcharacterizing present cosmology. (Reproduced ffoin [Higmwas
charges will be screened in an electrically neutral unvyéke  adapted from a figure prepared by C. Will forl[25]).
ours. Only gravity is left to operate on very large scales.

Relativistic gravity — general relativity — is importantrfo

an object of masM and sizeR when general relativistic effects are important for the opematbf
the Global Positioning System (GPS)I[24].
q= GM o1 2.2) Relativistic gravity is also important on the smallest ssal
~ R& ' ' considered in contemporary physics — those of quantum
L gravity. These are characterized by the Planck lefgth
Neutron stargq ~ .1) and black hole$q ~ .5) are relativistic
objects by this rough criterion. So is our unive(se~ 1) if b = (Gq—/c3)% ~10-33¢cm. (2.3)

we takeR to be the present Hubble distance aido be the

mass within it. Figure 1 displays some phenomena for whiclThis is much, much smaller than even the scale of the strong

relativity is important and ones for which it is not. interactions~ 10~%3 cm. Yet, this is the scale which many
General relativity can sometimes be important even wherontemporary explorers believe will naturally charaaethe

gis small provided compensating observational precision cafinal theory unifying the four fundamental forces including

be achieved. For the Sun~ 108, yet the solar system is the gravity. This is the characteristic scale of string thedriis

domain of the precision tests that confirm general relgtiait  is the scale that will characterize the union of the two gdeat

as much as 1 part in 2q23]. For the Earthg ~ 10°%, yet  velopments of twentieth century physics — general reltivi
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and quantum mechanics. straight path in the curved spacetime produced by the
The important point for this discussion is that the last few Sun.

decades have seen dramatic growth in observational data on

the frontier of the very large, and an equally dramatic ghowt Making these ideas more precise and more explicit is an ob-

in theoretical confidence in exploring the frontier of thewe jective of any course in general relativity. We mention a few

small. Black holes, for example, are no longer a theorist'ssteps toward this objective here.

dream. They have been identified at the center of galaxies (in - pgjnts in four-dimensional spacetime can be located by four

cluding our own) and in X-ray binaries. They are central tocoordinates®,a = 0,1,2,3. Coordinates are arbitrary pro-

the explanations of the most energetic phenomena in the unjjged they label points uniquely. Generally, several défe

verse such as active galactic nuclei. On even larger scaleggordinate patches are required to label all the pointsanep

it is now a commonplace observation that cosmology has bgime.

come a data driven science. Cosmological parameters once|p,qo geometry of a spacetime is specified by giving/the-
uncertain by orders of magnitude have been determined to agi. Jup(X), Where the(x) indicates that the metric is gener-

curacies of 10%.[26, 27]. . _ ally a function of all four coordinates. The metric detergsn
Adventures into Planck scale physics may be mostly in thgne squared distanads? in four-dimensional spacetime be-

minds of theorists, but the quest for a unified theory of theyyeen points separated by infinitesimal coordinate interva
fundamental forces including gravity is being pursued withgyya Specifically.

impressive vigor and confidence by a large community. In-

deed, at the big bang where large and small are one, we should .

eventually see direct evidence of Planck scale physics. ds’ = g“B(X)andXB (3.1)
For these reasons general relativity is increasingly eéntr

to today’s physics. Itis increasingly topical, increasyngpn-

nected with experiment and observation, and increasimgly i

tegrated with other branches of physics

where a double sum overandf from 0 to 3 is implied. Inte-
gration of thedsspecfied by this expression gives the distance
along curves.

Metrics satisfy theEinstein equation

1 811G
lll. KEY IDEAS IN GENERAL RELATIVITY Rap — 5 Yap R= @ Tap (3.2)

This section sketches a few key ideas in general relativityelating a measure of curvature on the left hand side to the
for those who may not be familiar with the theory. The intentenergy-momentumtensor of matter on the right. This Einstei
is not to offer an exposition of these ideas. That, afterigll, equation comprises 10 non-linear, partial differentialiaq
properly the task of texts on the subject. Rather, the parpostions for the metricgyg(x). An important example of a so-
is merely to mention ideas that will occur in the subsequentution to the Einstein equation is the Schwarzschild geom-
discussion and to illustrate the simplicity of the conceptu €try giving the metric in the empty space outside a spheri-
structure of the subject. cally symmetric black hole or star. In standard Schwarzdchi

Its potentially misleading to summarize any subject in Spherical coordinates' = (t,r,6,¢) this is
physics in terms of slogans. However, the following three

roughly stated ideas are central to general relativity. 42— (1_ Zglrvl) (cdt)+ (1_ zg:w) 71dr2
e Gravity is Geometry. Phenomena familiarly seen as +r2(d62+sin29d(p2) (3.3)

arising from gravitational forces in a Newtonian context

are more ge_nerally due FO the curvature of geometry 0]:/vhereM is the mass of the black hole or star. This, to an ex-
four-dimensional spacetime.

cellent approximation, describes the curved spacetinsdait

e Mass-Energy is the Source of Spacetime Curvature?!" SUn-

Mass is the source of spacetime curvature and, since Test particles with masses too small to affect the ambient

general relativity incorporates special relativity, any 980mMetry move on straight paths in it. More precisely, they
form of energy is also a source of spacetime curvature MOVe between any two point#, andB, in spacetime on a
world line (curve) of stationary proper tinle The proper
e Free Mass Moves on Straight Paths in Curved Spacédime along a world line is the distance along it measured in
; o i i 2 _ 2 A i
time. In general relativity, the Earth moves around thetime units. Thusgdt® = —ds?/c?. (The negative sign is so
Sun in the orbit it does, not because of a gravitationadT” is positive along the world lines of particles which always
proper time are callegeodesics
The world line of a particle through spacetime fréno B
can be described by giving its coordinax€¢\) as a function
2 For more on the importance of general relativity in conterappphysics, F)f any parameter that takes fiX?d values on the end poin_ts. For
seee.g.[P8]. instance using the Schwarzschild metfic]3.3), the prieaip
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stationary proper time takes the form: Differential geometry is a deep and beautiful mathematical
subject. However, even an elementary introduction to issda

6/Bdr _ 6/Bd)\ 1 Kl_ @) (ch)? ideas and methods are not a part of the typical advanced-calcu
A A c? cr lus tool kit acquired by physics majors in their first few yar

2GM\ 1 1 This is ‘new math’. In contrast, the vector calculus centwal
_ (1 — T) 212 (62 + sinzecpz)] =0 (3.4) electromagnetisns part of this tool kit. _ _
cr It is possible at the undergraduate level to give an intro-
o ) duction to the basic mathematical ideas of manifolds, wecto
where a dot denotes a derivative with respedt&mdd means  qya| vectors, tensors, metric, covariant derivative, anga
the first variation as in classical mechanics. ture. Indeed, many students feel empowered by learning new
The variational principle[{3]4) for stationary proper time mathematics. But it does take time. It also must be prac-
has the same form as the variational principle for statipnarticed. The author’s experience is that many students at this
action in classical mechanics. The Lagrangidr®,x") is  |evel need considerable exercise before they are able to ac-
the integrand of[{314). Lagrange’s equations are the géodescyrately and efficiently manipulate tensorial expressims
equations of motion. Their form can be made especially simfeg| at home with the four-dimensional mathematical coteep
ple by choosing proper timefor the parametex. Fromthem  npecessary to formulate Einstein’s equation. When timeris li
one can deduce the conservation of energy, the conserwdtionjted, pursuing the deductive order may leave little avadab
angular momentum, and an effective equation for radial mofor the interesting applications of general relativity.
t!on inthe Schwarzsphild geometry as we willdescribe inSec  Fyrther, solving the Einstein equation to exhibit phydical
tion VI [cf.(E)]. With that, one can calculate a spectrufn o relevant spacetime geometries is a difficult matter. Thefr-n
phenomena ranging from the precession of planetary omits fjinear nature means that there is no known general solution
the collapse to a black hole. outside of linearized gravity. Each new situatierg. spheri-
When extended to light rays and implemented in approprica| symmetry, homogeneous and isotropic cosmological mod-
ate metrics, the geodesic equations are enough to explate me|s, gravitational plane waves, is typically a new problem i
of the important applications of relativistic gravity diaped  applied mathematics. Deriving the solutions only adds to

in Table 1. the time expended before interesting applications can be di
cussed.
Many of the successful introductory texts in general redati
IV.  TEACHING GENERAL RELATIVITY — MATH FIRST ity follow this logical order at various levels of compromis

In the author’s opinion, an outstanding example is Bernard
The deductive approach to teaching many subjects ischutz’s classi@ First Course in General Relativifi9]. In
physics is to the next section we consider a different way of introducing
general relativity to undergraduates.

1. Introduce the necessary mathematical tools;

2. Motivate and explain the basic field equations; V. TEACHING GENERAL RELATIVITY — PHYSICS
FIRST

3. Solve the field equations in interesting circumstances;

Electricity and magnetism are not usually presented in
roductory (freshman) courses in the deductive order de-
scribed in the previous section. Specifically, we do not ligua
first develop vector calculus, then exhibit Maxwell's equa-
tions, then solve for the fields of charges, currents, and ra-
'diation, and finally apply these to realistic electromagnet
phenomena. Rather, the typical course posits the fieldsof th
simplest physically relevant examples, for instance thetdt
field of a point charge, the magnetic field of a straight wire,
and the electromagnetic plane wave. These are used to build
understanding of fields and their interaction with charges f
immediate application to demonstrable electromagneté: ph

omena. Maxwell’s ten partial differential equations ameitt

ssociated gauge and Lorentz invariances are better apprec
; . . o ated later, usually in a more advanced course.

This deductive orderpf presentat|ocn IS Iog|c§1l; It |s.théerr General relati\%ty can be efficiently introduced at an inter
used by the great classic texts![28, 129,130, 31]; and it isthe o mediate (junior/senior) level following the same ‘physicst’

der used in standard graduate courses introducing thec:cubj% . . ; o .
) odel used in introducing electromagnetism. Specifically:
at an advanced level. But the deductive order does have some 9 9 P y

drawbacks for an elementary introduction to physics majors 1. Exhibit the simplest physically important spacetime ge-
in a limited time. ometriedirst, without derivation;

4. Apply the solutions to make predictions and compare .
with observation and experiment.

For electromagnetism, (1)—(4) are.g. (1) Vector calcu-
lus, (2) Maxwell's equations, (3) boundary value problems
the fields of point particles, radiation fields, etc., (4) e
particle motion, circuits, wave guides and cavities, anéex)
dielectric and magnetic materials, magnetohydrodynasrics
a list that could very easily be extended. For gravitatigr (1
(4) aree.g.(1) differential geometry, (2) the Einstein equation
and the geodesic equation, (3) the solutions for spheroal s
metry, cosmological models, gravitational waves, reistiv
stars, etc. Table 1 lists some of the applications of gener
relativity that constitute (4).



Table 1

Some Important Applications of General Relativity
Global Positioning System (GPS) Lense-Thirring precessica gyroscope
Gravitational redshift Cosmological redshift
Bending of light by the Sun Expansion of the universe
Precession of Mercury’s perihelion Big-bang
Shapiro time delay Cosmic Background Radiation
Gravitational lensing The fate of the universe
Accretion disks around compact objects Propagation ofigitional waves
Determining parameters of binary pulsars Operation ofitgawnal wave detectors
Spherical gravitational collapse X-ray sources
Formation of black holes Active Galactic Nuclei
Hawking radiation from black holes Neutron stars
Frame-dragging by a rotating body

2. Derive the predictions of these geometries for observa- e The universe is approximately homogeneous and

tion by a study of the orbits of test particles and light isotropic on scales above 100 megaparsecs.

rays moving in them;

e Detectable gravitational waves are weak.

3. Apply these predictions to realistic astrophysicalasitu

tions and compare with experiment and observation; These four facts mean that the simplest solutions of the
Einstein equation are the ones most relevant for experi-
ment and observation. The static, spherically symmetric
Schwarzschild geometr{(3.3) describes the solar system ex
perimental tests, spherically symmetric gravitationdlegse,

These are essentially the same four elements that compeise tand spherical black holes. The exactly homogeneous and
deductive approach described in the previous sectionplati isotropic Friedman-Robertson-Walker (FRW) models previd
different order. That order has considerable advantages fén €xcellent approximation to the structure and evolutibn o

introducing general relativity at an intermediate levelas ~ Our universe from the big bang to the distant future. The
now describe: linearized solutions of the Einstein equation about a flat

space background describe detectable gravitational waves
‘physics first’ treatment of general relativity that contrates

A. Indications on the simplest solutions of the Einstein equation is thus im
mediately relevant for physically realistic and importaitti-

Less ‘New Math’ Up FrontTo exhibit a spacetime geometry, ations.

thF." only new math. ideas requwgd are the metric and its ®No Stopping before Some PhysicStudents with different
lation to distances in space and time. To analyze the motio

of test particles in these geometries, only the notions of-fo [evels of experience, preparation, abilities, and preeptions

vectors and geodesics are needed. These three new mathemvg{l take dlfferer.\tllengths.of time to acquire thg b"?‘s'c oepis
ot general relativity. Beginning with the applications gaa-

ical ideas are enough to explain in detail a wide range Ofphystees that, wherever the course ends, students will havedain

ical phenomena, such as most of those in Table 1. Furtheg,?me understanding of the basic physical phenomena (Table

these three new mathematical ideas are among the S|mpleﬁ which make general relativity so important and not sim-

parts of a relativist's tool kit to introduce at an intermetei v of h ical hich is th isiteat
level. Four-vectors are often familiar from special refiyi ply of a mathematical structure which Is the prerequisiteaio
i deductive approach.

Geodesics viewed as curves of extremal proper time are spe-
cial cases of Lagrangian mechanics. The; idea of a metrip Cafore Concrete, Less AbstradBeginning with the applica-
be motivated from the theory of surfaces in three-dimer®ion yjons rather than the abstract structure of the theory ieeas
flat space. A general theory of tensors as linear maps from,, some students because it is more concrete. Beginnitng wit
vectors into the real numbers is not required because o®ly on,q applications is also a surer way of driving home that gen-

tensor — the metric — is ever used. eral relativity is a part of physics whose predictions can be
observationally tested and not a branch of mathematics.

4. Motivate the Einstein equation and solve it to show
where the spacetime geometries posited in (1) com
from.

The Simplest Spacetimes are the Most Physically Relevant:

« The Sun is approximately spherical. I_—'ewer Comprom:se_él"he an_aIyS|s of the motion of test par-
ticles and light rays in the simplest geometries can beeirri
e Spherical black holes exhibit many characteristic prop-out in essentially the same way as it is done in advanced text-
erties of the most general black hole. books. No compromises of method or generality are needed.



Flexibility in Emphasis:Beginning with applications allows teaching it, or learning it better, is a part of every physics

enough time to construct courses with different emphases; f instructor’s experience. The absence of previous instuct

instance on black holes, gravitational waves, cosmology, omeans that teaching an introductory general relativityrseu

experimental tests. will often be the first exposure to the subject for many facult
The process of learning by faculty is made easier by a ‘pkysic

Closer to the Rest of the Undergraduate Physics Curriculunfirst’ approach for the same reasons it is easier for studénts

Calculations of the orbits of test particles and light rags t wider variety of faculty will find this approach both famitia

explore curved spacetimes are exercises in mechanics. Tlaéd manageable. Specialists in gravitational physics are n

symmetries of the simplest important solutions imply conse necessary.

vation laws. These can be used to reduce the calculation of

orbits to one-dimensional motion in effective potenti&sen

the content of the Einstein equation can be put in this form

for simple situations. This allows the intuition and teajugs

developed in intermediate mechanics to be brought to bear,

both for qualitative understanding and quantitative preoin. No approach to teaching is without its price and the

Conversely, this kind of example serves to extend and reinfhysics first’ approach to introducing general relativigyno

force an understanding of mechanics. Indeed, in the asthorexception. The obvious disadvantage is that it does not fol-

experience a few students are surprised to find that mechanitow the logically appealing deductive order, although ibca

is actually useful for something. The examples discussed i€t to the same point in the end. A “physics first’ approach to

the next section will help illustrate the close connectiea b introducing general relativitynaynot be indicated in at least

tween calculating geodesics and undergraduate mechanics.two circumstances: First, when there is enough time in the
curriculum and enough student commitment to pursue the de-

Fewer PrerequisitesThe close connection with mechanics ductive order; second, when students already have sigmifica

described above and in the next section means that the onfyeparation in differential geometry. Even then howevisrit

essential prerequisite to a ‘physics first’ exposition ofi-ge possible alternative. A ‘physics first’ approach is prolyatut

eral relativity is an intermediate course in mechanicstidgi  indicated when the mathematics is of central interest, as fo

guantum mechanics nor electrodynamics are necessary.Sosigildents concentrating in mathematics, and for physics stu

acquaintance with special relativity is useful, but itsebri dents who study Einstein’s theory mainly as an introduction

treatment in many first year courses means that it is usualljo the mathematics of string theory.

necessary to developde novoat the beginning of an intro-

ductory course in general relativity. Intermediate medatgn

is thus Fhe single essential physics prergquisite. Thimmea VI. PARTICLE ORBITS OUTSIDE A SPHERICAL STAR

that an introductory ‘physics first’ course in general rigitst OR BLACK HOLE

can be accessible to a wider range of physics majors at an ear-

lier stage than courses designed to introduce studentbéo ot

frontier areas.

B. Counterindications

This section illustrates how the effective potential metho
developed in typical undergraduate mechanics coursesecan b
applied to important problems in general relativity. Of the

Closer to Research Frontier8eginning with the applica- e ; X . )
g g PR 2veral possible illustrations, just one is considere@ ker

tions means that students are closer sooner to the contem PAos > ; . .
rary frontiers of astrophysics and particle physics theyttan the relativistic effects on test particle orbits outsidphesical

hear about in the seminars, read about in the newspapers, aﬁ?r °th'f_‘c'< ?olle. Apphcz?]tlonslof this mclud%thhe p:reum;(;)s
see on popular television programs. of perihelia of planets in the solar system and the location o

the innermost stable circular orbit (ISCO) in an accretimkd

More Opportunities for Undergraduate Participation in Re-POWeringan X-ray source. These examples also serve teillus
searchThe applications of general relativity provide a broadtrate how near the calculations of such effects are to starti
range of topics for students to pursue independent study diinciples in a ‘physics first’ approach to general reldgivi

even to make research contributions of contemporary istere ~ Nothing more than sketches of the calculations are in-
More importantly, it is possible to identify problems frohet ~ tended. For more detail and the precise meaning of any quan-
applications that are conceptually and technically adokess tities involved, the reader should consult any standart tex

to undergraduate physics majors and can be completed in the The Schwarzschild geometry specified iIn]3.3) describes
limited time frame typically available. Problems that itk®  the curved spacetime outside a static, spherically synitnetr
solving for the behavior of test particles, light rays, aydog ~ body of massM. This is the geometry outside the Sun to an
scopes are examples, as are questions involving lineai-gravexcellent approximation, and is the geometry outside arsphe
tational waves, black holes, and simple cosmological nsdel ical black hole. The motion of test particles is specifiedhsy t
The ‘physics first’ approach to teaching general relatieity ~ principle of stationary proper time il.(3.4). The argument i
ables undergraduate participation in research becausaist

such applications first.

Specialized Faculty Not Needed.earning a subject while 3 we follow, with one minor simplifying exception, the notatiin [11].



\plunge The thirq term prpvides a g_energl relativistic cqrrectiorlhe
! Newtonian effective potential. Figure 2 shows its effects.
Vet 0 00 \\ ___scattering Circul_ar orbits iIIustra_te the importance of these effects
P T Newtonian gravity permits _o_nly one stable c_|rcular orplt fo
0 each/. But in general relativity there ar@vo circular orbits
for values of? such at that used in Figure 2. There is a stable
circular orbit at theminimumof the effective potential such as
one approximating the orbit of the Earth in its progress adou
the Sun. In addition there is an unstable circular orbit at th
20 30 40 radius of themaximunof the effective potential.
I'/rs The radii of the stable circular orbits are easily found from

€.10):

10

FIG. 2: The effective potentidles(r) for the radial motion of parti-
cles in the Schwarzschild geometry outside a sphericabstalack 2 GM\ 2 1
hole. The solid line showé.(r)/c? defined in[E.1b) plotted against lstabcire, = ——— {1+ {1 —12 (_) ] } (6.2)

r /rswherers = GM/c2. The value of the angular momentum param- - 2GM

eter is¢ = 4.3GM/c?. The dotted line shows the Newtonian potential

(the first two terms in{6.1b)) for the same value/ofhe qualitative  For sufficiently small there arenostable circular orbits. That
behavior of the orbits depends on the value of the energyvmtea is because the effective potential{d.1b) is everywheraatt
£. Values are shown for plunge orbits, scattering orbits,lamehd  tive for low . In contrast to Newtonian physics, general rela-
orbits such as those executed by the planets in their motiontahe tivity therefore implies that there is annermost(smallestr)

Sun. stable circular orbit(ISCO) whose radius is

rsco = 6GM/c? 6.3
the square bracket of that equation can be thought of as a La- 15€0 / (6:3)
grangiarL(t,r,8,,r). Lagrange’s equations are the geodesicyhich is 15 times the characteristic radius of the black hole
equations. rs=2GM/c?.

Time translation invariance implies a conserved energy per Tnhe |SCO is important for the astrophysics of black holes.

unit rest mas related todL/ot . Spherical symmetry im-  The spectra of X-ray sources exhibit lines whose observed
plies a conserved angular momentum per unit rest fhafsr shapes can in principle be used to infer the properties of the
orbits in the equatorial plane which is proportionabto/0@.  pj5ck hole engine [32]. The shape of the line is determined by
A third integraP of the motionL = —1. arises just from the gayeral factors but importantly affected by the gravitadio
definition of proper time. This integral can be combined with o yshift. That is maximum for radiation from parts of the ac-
the other to to find an effective energy integral for the rdia ¢reion disk closest to the black hole, ie from the ISCO. This
motion: defines the red end of the observed fine
1 /dr\2 Another important prediction of general relativity defiva
( ) + Vet (1) (6.1a) from the effective potential is the shape of bound orbithsuc
as those of the planets. The shape of an orbit in the equato-
where rial plane @ = 11/2) may be specified by giving the azimuthal
angle as a function ofr. The orbits close if the total an-
GM /2 GM/? gle_ A@ swept out in.th.e passage away from the inner turning
—~ toz @ (6.1b)  point and back again isr2 This can be calculated frorfi{$.1)
and the angular momentum integfak r?(dg/dt). Writing
Here,r is the Schwarzschild radial coordinate of the test pard@/dr = (dg/dt)/(dr/dt) and using these two relations gives
ticle andr is the proper time along its world line. The mass an expression falg/dr as a function of, £, and¢ which can
of the test particle is absent from these expressions. K carbe integrated. The resultis
cels out because of the equality of gravitational and iakrti
mass. Eq.[{&]a) has the same form as the energy integral for Ap= 2/dr(€/r2) [2(% _Veﬁ(r))]*l/Z
a Newtonian central force problem. The first two terms in the
effec_tlve_: potentlalﬂﬂb)_have the same form as a Ne.Wtomathere the integral is from the radius of the inner turningpoi
gravitational potential with a Newtonian centrifugal berr to the outer one. When the relativistic termi{8. 1b) is abse
A= 2mtfor all £ and{. That is the closing of the Keplerian
ellipses of Newtonian mechanics. The relativistic coligtt

4In [11], £ and/ are defined as an energy and angular momentum per unit
rest energy rather than per unit rest mass as here. Withéfiattabn of £
both terms on the right hand side BfTd.1a) would be divided®yrhat is
the minor exception alluded to in the previous footnote. 6 Realistic black holes are generally rotating, but the asislyhen is not

5‘Integral’ here is used in the sense of classical mechanisin the sense qualitatively different from that for the non-rotating Sedrzschild black
of the inverse of differentiation. hole.

Veff(r) = —

(6.4)
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to Vet makes the orbit precess by small amodpt= Ap— 2t physics majors at the University of California, Santa Baaba

on each pass. To lowest order ifict this is for approximately thirty years. In the limited span of a dear
the author is usually able to review special relativity, ivaie
GM\ 2 gravity as geometry, derive the orbits in the Schwarzschild
8¢ = 6“(@) : (6.5) geometry in detail, describe the experimental tests, duice

black holes, and develop the Friedman-Robertson-Walleer co
In the solar system the precession is largest for Mercury butnological models. A semester provides more opportunities.

i , ) i -
still only 43" per century. The confirmation of that prediction At Santa Barbara this course is routinely taught by faculty

[33] is an important test of general relativity. . . .
. . . from many different areas of physics — general relativity of
The purpose of this section was not to explain or even €MZourse, but also elementary particle physics and astrogshys
phasize the two effects of general relativity on particleitsr ' yp phy y

that were described here. Rather it was to show three thinglst. has been taught by both theon_sts an.d expenmentahsﬁs_. F
ome of these colleagues teaching this course was their first

First, th‘fﬂ a standard technique devgloped n unde_rgradua rious experience with general relativity. They usuadfyart
mechanics can be used to calculate important predictions Q ) X
at they were successful and enjoyed it.

general relativity. The second purpose was to show how close
these important applications can come to starting priesipi In the author’s experience students are excited by general
a ‘physics first’ approach to teaching general relativingré-  relativity and motivated to pursue it. Often it is their fiest-
duce the Schwarzschild geometEy{3.3), use the principle oferience with a subject directly relevant to current resear
stationary proper timd(3.4) to find the geodesic equations dlt is one of the few contemporary subjects that can be taught
their integrals[{611), use the effective potential methwogital- ~ without quantum mechanics or electromagnetism.
itatively and quantitatively understand important pradjgsrof
the orbits e.g.[{6]13) anf(8.4). That is just three steps them
basic ideas of metric and geodesics to important applicgtio
Third, both of the applications treated here can be immedi
ately related to contemporary observation and experiment.
Particle orbits in the Schwarzschild geometry are not the ‘Physics first’ is not the only way of introducing general
only important problems in which the effective potential relativity to undergraduate physics majors, but it works.
method is useful. Motion in the geometry of a rotating black
hole, the motion of test light rays in the Schwarzschild geem
try, and the evolution of the Friedman-Robertson-Walker co
mological models are further examples where it can be use-
fully applied.

The author has written a text based on the ‘physics first’
approachl[11] which comes with a solutions manual available
to instructors for the approximately 400 problems of graded
Tevels of difficulty.
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